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M3yuaeTcs maTemaTnyeckas Moesb, ONMChIBatoLLas ABMKEHME YesloBeKa Ha CKeliToopae. JaHHasa Mofens ckeitbopaa
aBnsieTcst 6onee 06LLeli MO CPaBHEHMIO C MOAESbIO, M3YUeHHOI aBTopamu paHee [1]. Kak n npn paccMoTpeHnn npegblayLuei
MOfenn, MpeanonaraeTcs, 4To ynpas/ieHe CKeMTO0PA0M CO CTOPOHbI YeTI0BEKA OTCYTCTBYET. [M0yyeHbl ypaBHEHNS ABUXKe-
HUS MOAENN 1 MPOBELIEH aHaIN3 3TUX YPaBHEHWIA. L13y4YeHO BNSIHIE Pa3/InyHbIX NapamMeTpoB MOAE/N Ha ee AVHaMUKY.

KntoueBble cnoBa: CKeliToopa, HeroNIOHOMHbIE CBSI3W, MHTErPUPYEMOCTb, YCTONYMBOCTb ABUXKEHNS

A.V.Kremnev and A. S. Kuleshov
Nonlinear Dynamics of a Skateboard Model with Three Degrees of Freedom

In this paper we continue our investigation of dynamics and stability of motion of a skateboard with a rider. In our
previous papers we assumed that the rider, modeled as a rigid body, remains fixed and perpendicular with respect to the
board. Hence if the board tilts through vy, the rider tilts through the same angle relative to the vertical, i.e. only one
generalized coordinate y describes the tilt of the board and rider.

Now we make the next step in modeling complexity and we allow the board and rider to have separate degrees of
freedom, y and ¢, respectively. Here the rider is assumed to be connected to the board with a pin along the central line
of the board through a torsional spring which exerts a torque on the rider and board proportional to the di[edence in their
tilts relative to the vertical. Equations of motion of the model are derived and the problem of integrability of the obtained
equations is investigated. The influence of various parameters of the model on its dynamics and stability is studied.
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1. BeegeHue

B faHHo paboTe NpoAO/MKeHbl UCCeA0BaHNSA, HavaTble aBTopaMu B npenpuHTax [1, 2]. OaHako
AN TOro, Ytobbl €6 MOXKHO ObINI0 YMTaTb HE3aBMCUMO OT MPENPUHTOB [1, 2], B Hee BK/IOYEHA YacTb
pe3ynbTaToB, NOMYYEHHbIX B [1, 2]. DTn pe3ynbTaThbl U3M0XKeHbI 60/ee KpaTko, Yem B [1, 2], n cnyxxaTt
LWL 419 MOHUMaHKA 0COBEHHOCTEN KOHCTPYKLMM CKENTOOPAA, BAMSIOLLMX HA er0 KUHEMATUKY 1 an-
HaMUKYy.

OGbIYHbIN CKeATO0PA COCTOMT U3 JOCKM, ABYX NOABECOK, COEAMHSAIOWMX KOleca ¢ JOCKOM, 1 ye-
Tbipex Kosec (puc. 1—2). CoBpemMeHHble JOCKM 06bIYHO MMEOT pasmMepbl 78—83 ¢M B A/IMHY, 17—21 cm
B LUMPUHY W TONWWMHOK 1—2 cm [1].

Puc. 1. Ckeilt6opa: Bug co0Ky Puc. 2. CkeiiTbopg;: Bug CBEPXY 1 C3aau

Hanbonee cyLecTBEHHbIMM 3/1EMEHTaMU CKENTO0pAa SABNAIOTCS NOABECKU, NPU MOMOLLM KOTOPbIX
0CM KOJIeC KpPensiTcs K JOCKe. BpalleHue Kak nepefHeit, Tak v 3agHeil KONecHol napbl MPONCXOANT BO-
KpPYr COOTBETCTBYHLLMX HAK/TOHHbIX OCeli — NMBOTOB (pyC. 1). STO NPMBOAMT K TOMY, Y4TO BCAKWMIA pas,
Korga [ocKa He napasifie/ibHa Ma0CKOCTU ABUXEHUSA, KOJIECHbIE Napbl MOBOPAYMBAIOTCA HA COOTBET-
CTBYHOLLME YT /bl OTHOCUTE/IbHO BEPTUKa/IbHOW OCW, MEPReHANKYISPHON NIOCKOCTM ABVKEHMS (puc. 2).
YnpaBneHue CKeMT60pA0M MPOUCXOANT C UCNOMb30BAHNEM VMEHHO 3TOI 3aBUCHMOCTW MEXAY YrioM
HaK/IOHa AOCKM 1 yriamy NoBOpOTa KOMECHbIX Nap.

B Halwueii paboTe Mbl Oyem npeanonaratb, YTO CKeATOOPA ABVXKETCS MO FOPU3OHTA/IbHOI NoC-
KOCTW M NpW 3TOM BCe YeTbIPe ero Kosieca onmparoTcs 0 NJ0CKOCTb.

MpeLnonoXXmMm TakxKe, YTO B C/lydae HaK/IOHa AOCKM CKeliTbopha BO3HMKAeT BOCCTaHaB/IMBalO-
LLMIA MOMEHT, KOTOPbI BO3BPALLaeT JOCKY B MepBOHaYa/IbHOE NOMOXKEHVE. Byaem cuntatb, 4TO BeNn-
YiHa 3TOr0 MOMeHTa NPOMOPLMOHaNbHA YI/y HaKNOHa AOCKU; COOTBETCTBYHOLLMIA KO3((ULMEHT NPo-
MOPLMOHA/IbHOCTM 0603Ha4UM K . Takoii MOMEHT MOXKET BO3HVKATbL, HANpUMep, eC/in OCKa CoeanHeHa
C KO/iecamu nNpm NOMOLLM TOPCUOHHbIX MPY>XMH (puc. 2). PaHee Takoe ke NpPeanonoXeHne 0 Hamumm
BOCCTaHaB/MBAIOLLEr0 MOMeHTa ObI/10 cflenaHo B paboTax [3, 4]; OHO BMNO/HE 060CHOBLIBAETCS KOH-
CTPYKTVBHbIMI OCOGEHHOCTAMM COBPEMEHHbIX MOABECOK.

2. lNocTaHoBKa 3aaa4yn. OCHOBHbIE CUCTEMbI KOOPAMHAT

Mpy paccMoTpeHUn NPOCTeliLLEe MOAenn cKenToopaa Mbl npeanonarany (cm. [1]), uto paitgep —
YesIOBEK, KaTaloLMincs Ha CKeMTO0pAe, — CTOUT HEMOABMXKHO, TaK YTO NPU HAK/OHEe JOCKM HAa HEKOTO-
PbIiA yron y paiifep OTKIOHSETCA OT BEPTUKaIM Ha TOT XKe yros. Tenepb Mbl Oyaem npegnonarats, 4To
HaK/IOH OCKM M HaK/OH paiigepa onpeaensoTcsa ABYMS He3aBUCUMbIMK KOOpAMHaTaMy — yrnamm y
n ¢. MpeanonoxXkmnm Takxke, YTo paitaep CoeauHeH C 4OCKON NpK NOMOLLY TOPCUOHHOMN MPY>KUHbI, KO-
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Puc. 3. Cuctema koopauHar

Topas co3faeT BOCCTaHAB/MBAOLLMIA MOMEHT, MO BennumHe pasHbli T = ky (Y — &), rae ko — xecTt-
KOCTb MPY>XUHbI (prc. 2). MOCKONbKY HaMy UCCNeayeTCs CryYaid, Koraa ynpasneHne CKeiTbopaoM co
CTOPOHbI paiiaepa OTCYTCTBYET, TO MOXHO NMPUHATH UMEHHO TaKOW NPUHLMN B3aUMOAENCTBIA paiiepa
C focKoit [2, 5].

BBefeM HenofBMKHYHO cucTemy KoopamHat OXY Z ¢ Haya/iom B HEKOTOPOiA Touke O MI0CKO-
CTW, N0 KOTOPOI ABUXKETCS CKeNTOOopA, 1 ocbto OZ, nepneHANKYNSIPHOM NAOCKOCTU ABMKeHMS. O60-
3HaYMM CepefinHbI OCeN NepesHNX 1 3afHMX KOMec ckeinToopaa yepe3 A 1 B cooTBeTCTBEHHO. MycTb
paccTosiHne AB paBHo a (puc. 2, 3). NMonoxkeHne oTpe3ka AB 0THOCWMTENbHO HEMOABMXKHOW CUCTEMbI
KoopauHat OXY Z onpegenserca koopguHatamu X, Y ero cepefiibl G 1 yrnom 8, KoTopblil laHHbIN
0TPe30K 06pasyeT C HemoaBMKHOI ocblo OX (puc. 3).

Mpn HakNoOHe LOCKW Ha Yron y oCb NepefHei KoMecHoW napbl MoBOpayvMBaeTCA Ha yron d¢ no
4acoBOW CTPesike, a OCb 3a[Hei KOMeCHoW napbl NOBOpPaYNBaeTCs Ha Yrosn &, NpoTVB YacOBOW CTpes-
ku (puc. 2, 3). MNMpeanonoXKmm, 4To CKeiiToopa ABMXKETCS TaKMM 06pa3oM, YTO ero Kosieca He MoryT
MPOCKa/Ib3bIBATH B HAMpPaB/IeHNN, NePrneHANKYISPHOM MI0CKOCTH Koneca. DTo TpeboBaHue NpuBoanuT
K TOMY, YUTO Ha CUCTEMY HaKNafblBatOTCA [1BE HEr0/IOHOMHbIE CBA3M

—Xsin (8 — 8¢) + Y cos (6 — &¢) + gé cosd¢ =0,

. : a (2.1)
—Xsin(0+9d,) +Y cos (6 + o) — §(9 cos o, = 0.
Mbl MOXXEM pa3peLunTb ypaBHeHNA cBA3el (2.1) OTHOCUTENIBHO Xny. Monyyum
X=—o— 89 o058 cos (0 + 5,) + cos, cos (8 — 5¢)],
2sin (5f + 5r) [ T ( r) r ( f)]
. (2.2)
— ad

—m [cosd¢ sin (B + &) + cosdy sin (8 — df)].

CkopocTi Todek A 1 B npun 3ToM ByayT HanpasieHbl FOPU30HTAIbHO 1 NePneHANKYNSPHO OCAM
Kornec. B aTom cniyyae Ha oTpe3ke AB cyulecTByeT Touka P, CKOPOCTb KOTOPOI HanpasneHa BAO/b
npsmoit AB. Ecinm 0603HauvTh CKOPOCTb TOUKK P yepes u, a ee pacCcTosiHMe OT TOUKM A — yepes z,
TO Nerko nonyynTh cnegytowme popmynbl (cm. [1]):

ad COS Of COS Of . usin(df +0r) __asindg cos oy
sin(3 +9,) ~  acosdfcosdy’  sin(df + o)

(2.3)

icnonb3ys TEOpMI0 KOHEYHbIX NMOBOPOTOB (CM., Hanpumep, [6]), MOXKHO NoKa3aTb, YTO Yron Ha-
K/TOHa JOCKM Y CBSI3aH C yr/iaMii NOBOPOTa KOMIECHbIX OCEI KMHEMATUYECKUMI COOTHOLLIEHVSIMM

tgdf = tgAssiny, tgd, =tgArsiny, (24)
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rae As, Ar — YI/ibl HAK/I0HA NepeHeli 1 3aiHeli N0ABECOK OTHOCUTENIbHO FOpu3oHTanu (puc. 1). Bnep-
Bble (hopMy/ibl (2.4) HECKO/IbKO UHBLIM CMOCO60M Obl/IN MOJyYeHbI B KypcoBoli paboTe [7]. Moapo6Hoe
00bACHEHNE TOrO, KaK Mosly4unTb 3TN Popmysibl, coaepXunTcs B [1]. OTMETUM TaKXKe, YTO MoJTyYEHHbIe
(hopMy/ibl MOMTHOCTBLIO COMNACYHOTCS C IKCNEPUMEHTA/IbHBIMW AaHHbIMMW, NOMYYEHHbIMW NPU UCCNefo-
BaHMW KOHCTPYKLMM NOABECKN CKEMTOOpAA 1 pa3MeLLeHHbIMW Ha caiiTe [8].

C y4yeTOM 3TUX COOTHOLLIEHWIA PACCTOSIHME Z OT TOUKM A 10 TOUKM P 6yaeT paBHO

_asindf cosdr atgor _ atgAs
T sin(3f +0)  tgdf +1tgd,  tgAf +tgA,’

T. €. PV BbINOSIHEHUN ycnoBuii (2.4) Touka P Bcerga HaxoAuTcsa Ha MOCTOSSHHOM PaCCTOAHUM OT TOUKM
A\, 3aBUCSALLEM NNLLIb OT YIN0B Af U Ay HAK/TOHA NEPEHE 1 3a/iHeli MOABECOK K FOPU30HTaIn. DT0 06~
CTOATE/NIbCTBO NMO3BO/IAET HAM BBECTM MOABMXKHYHO CUCTEMY KOOPAMHAT P X1X2X3 C Ha4anom B Touke P,
eMHNYHbIE BEKTOPbI KOTOPO 0603HaUNM €1, €, €3. EAVHNYHBIN BEKTOP €1 3TOV CUCTEMbI Hanpas/eH
no npsmoii AB B CTOPOHY ABMXKEHMS, BEKTOP €3 NeprneHANKYNspeH MIOCKOCTU ABVXKEHNSA, a BEKTOP
€, Hanpas/ieH NeprneHANKYIAPHO €1 Tak, YTOObl BEKTOPbI €1, €2, €3 06Pa30BbIBa/IN MPaByto TPOIiKY. B
JaJibHeliLeM BCe UCCNeaoBaHnsa UHaMUKK 6yayT MPOBOAUTLCA OTHOCUTENIbHO ABYX BBEAEHHbLIX CUCTEM
KoopanHaT — HenoABmKHOW OXY Z 1 NoABMXKHON P X1 X2X3.

3. YpaBHEHUA ABUXKEHUA

MpeanonoXxmm, 4To JoCKa CKeliTbopaa pacnonoxeHa Ha BbicoTe h oT npamoii AB, anvHa aocku,
Kak v paccTtosHne AB, paBHa a 1 ee LeHTp Macc C pacronodXXeH Ha NPoAoIbHOM OCK LOCKM nocepe-
[VHE MeXXy TOUKaMmu KperneHns NoABecok. B oTHoLWeHWN paiigepa 6yaem npeanonaratb, YTO OH CTOMT
He B LIeHTpe JOCKU, a Ha ee NPOAONLHON ocK B Touke E Ha paccTosHum d OT nepegHero Kpas 4OCKM.
MycTb LEHTP Macc paiigepa HaxoauTcs B TOUKe R, BbiCOTa KOTOPOI Haa NPO/0bHONR MHMEN JOCKN
paBHa [ BBefem Takxke crefytowe 0603HaveHns: my — macca JoCKu, m, — macca paiigepa, lpx,
lpy, lpz; — TNaBHblE LEHTPa/IbHble MOMEHTbI MHEPLUUN AOCKW, Iy, lry, lr; — TNaBHbIe LEHTPa/IbHbIE
MOMEHTbI MHEpLMK paiifepa. o
Mcnonb3ysi CooTHOLLEHNA (2.4), MOXXHO Bblpa3nTb Npou3BoAHble X, Y 1 B yepe3 u v y. Taknum
06pa3om, ypaBHeHWs, KOTOPbIM Y40B/IETBOPSIIOT NEPEMEHHbIE U, Y U ¢, MOTYT paccMaTpuBaThbCs He3a-
BMCUMO OT COOTHOLLIEHUI (2.2)—(2.3). DTV ypaBHEHUSI UMEIOT BUA [2]:
(A1 + (C1 —2Dg)sin?y + Fysin?y) u + (4G siny — Lyq) uy cosy sin ¢+
+ (2Gy sin?y + Hysinysing — 2L4) usiny sin ¢+
+By (Vcosy — yZsiny) siny + Ky (¢ cosd — ¢?sin¢) siny+
+ (Cy — 3Dy + 3Fysin®y + Hysin? ¢) uy siny cosy+
+2 (Gysiny — Ly + Hysinysind) udsiny cos ¢ = 0,
Ea1y + Jadicos (¢ —y) — J1¢?sin (¢ —y) + By (Usiny + uy cosy) cosy+
+ (D1 — F1siny — Gy siny sing) u?siny cosy+
+ (k1 + k2)y — k¢ — (mp + mr) ghsiny =0,

N1 + J1 cos (¢ — y) — J1y?sin (¢ — y) + Ky (Usiny + uy cosy) cos p+

+ (L1 — Hgsinysing — Gy sin®y) u?siny cos ¢ + kp (¢ —y) —megSing =0,

(3.1)

roe Az, By, ..., Ny — yHKUMM NapameTpoB CUCTEMbI, & UMEHHO

A1 =mp+my, J; = MhLIE; = Ik + (M + my)h?,
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m m
B = Tb(tg)\f—tg)\r)+%((a—d)tgAf—dtgAr) h

C= "0 (tghr — tgAr)? +a—'”(tgA +tgA)’ + T (@ = d)tghr —dtgh)?,
tg As + tgAr)? m A +tg A
= (tg As 29 r) ((mb"'mr)hz"'lby_lbz), L, = r L(tg ; g r)’
a
(tg s + tgAr)? m

(my+my) (tgAs +tgAr) h

meh g Af + tgA)?
) N = Iy my 2] Gy = MCAGA T IGA)T

a2

YpaBHeHus (2.2), (2.3), (3.1) 06pa3ytoT 3aMKHYTYH CUCTEMY YPaBHEHWIA ABUXKEHNS JaHHOW MOae-
nn cKeliTéopaa. OCHOBHLIM 06 bEKTOM HALLEro JasibHEeNLLero uccnefoBaHns cTaHeT cMcTeMa ypaBHe-
HWi1 (3.1). MoKaxkeM Tenepb, YTO NPK H0O0M 3HAYEHNN MOCTOSIHHBIX A1, By, ..., N1 ypaBHeHus (3.1)
MUMEIOT NepBbIii UHTErpasl — UHTErpan aHeprun. [eicTBUTENIbHO, eCI YMHOXUTL NEPBOE U3 ypaBHe-

HWi1 (3.1) Ha U, BTOPOe — Ha Y, a TPeTbe — Ha ¢ 1 CMOXKNTb, TO NOC/E YNPOLLEHNS MOYKHO 3aMETUTD,
4TO MOJIYYEHHOE BblPaXKeHUe ABMIAETCS NOHON NPON3BOAHON (hYHKLMK

D1=

Uo = [AL + (C1 — 2Dy)sin’y + Fysinty — 2Ly siny sin ¢+

02
+ 2Gy sindy sin ¢ + Hy sin?y sin ¢]_+ 521 2+N1¢2

2
+Bquysinycosy + Kyudsiny cos ¢ + Jydy cos (Y — ¢) — koyd+ (3.2)

(kl + kz)yz L ke

5 ¢2+(mb+mr)ghcosy+m gLcos ¢ = cg = const.

DyHKUMSA (3.2) NpeacTaBiseT CO60M NOMHYH MEXaHUYECKYH SHEPTMIO CUCTEMbI. Takum 06pasomMm,
AN191 UHTErPUPOBaHns ypaBHeHuWid (3.1) HaM HY>KHO HalTy eLle TPpU He3aBUCKUMbIX MEPBbIX MHTerpasa.
Bonpockl MHTErpupyeMoCcTy NOyYEeHHON CUCTEMbI YPaBHEHUIA U, B YACTHOCTU, UCC/ef0BaHNe TOro, KO-
rga cuctema ypaBHeHuid (3.1) MOXKET UMETb MHBAPUAHTHYIO MepPY, PACCMOTPEHbI HIKE.

4. YCTOIYMBOCTb NPSAMO/IMHENHOrO PaBHOMEPHOTIO ABVMXKEHUS
ckentbopaa

YpaBHeHus (3.1) fonyckarT YacTHOE peLLeHme
u=ug=const, y=0, ¢=0, 4.2)

KOTOPOE COOTBETCTBYET PaBHOMEPHOMY NPSIMONIMHEHOMY AABUXEHWIO CKeliTGopaa. PaccMoTpum 3aja-
4y 06 YCTONUMBOCTY ITOTO [BUXKEHUS CUCTEMBI.

Monaras u = ug + & 1 coxpaHsa Ans y 1 ¢ NpexkHre 0603HaUYEHIs!, BbIMULLEM YPaBHEHNS BO3MY-
LLIEHHOTO IBUXEHMS:
E1y + J1§ + Biugy + (D1uf + Myg) y + Mo =T,
N1d + J1y + Kyugy + (Liu§ + M)y + My =0, ==, (4.2)
M1 = kg + ko — (Mmy + my) gh, M2 = —ka, My = ko — megL]
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3pecb I, ® 1 = — He 3aBuCALLME OT BPeMEHU IYHKLMN NepPeMeHHbIX Y, Y, &, ¢ 1 &, pasnoxeHns
KOTOPbIX MO CTEMEHAM 3TUX NEPEMEHHbIX HAUMHAKOTCS YNEHAMI HE HUXKE BTOPOro nopsigka. Mpu atom
MMEIT MECTO COOTHOLLIEHMS (AaHHbIN (haKT yCTaHaBNMBAETCS MPSMOI MPOBEPKOA):

ro,0,00¢&=9(,0,0,0,&==(0,0,0,0,¢&) =0.
XapaKkTepucTyecKoe ypaBHeHe, oTBevatoLee cucteme (4.2), UMeeT BUL;

S (boS4 + b1$3 + szZ + bss + b4) =0.
bo = E1N; —J7, by = (BiN; —J1K7) up,

_ ) (4.3)
bz = (D1Ny — JiLg) ug + MyaNg + Mz By — 2M32d5,
bs = (B1Mz2 — KiM12) Up, bs = (D1Mz2 — L1MM12) u§ + M1 Mpp — M.
Mpw BbINOAHEHWUN YCNOBUIA KpuTepust Payca—Iypsuua
bo >0, by >0, by >0, bg >0, by >0, byhobz — boh3 —b?b, > 0 (4.4)

ypasHeHue (4.3) uvmeeT Of4MH HYNeBOI KOPEHb M YeTbipe KOPHSA C OTpuULATe/IbHO BELLECTBEHHON Ya-
CTbH0. MOCKOMbKY BCE HEMIMHENHOCTM B CUCTEME (4.2) TOX/AECTBEHHO 0bpaLlatoTcs B Hyb Nnpuy = 0,
y =0,¢ =0, ¢ = 0, To npu ycnosusx (4.4) nMeeT MeCTO OCOGEHHbIV CMy4ail OJHOTO HY/IEBOr0O
KopHA [9, 10] n HeBO3MyLLEHHOE ABMXKeHMe (4.1) yCTONYMBO, NPUYEM aCUMNTOTUYECKN OTHOCUTENIbHO
MepPeMeHHbIX Y, Y, ¢, ¢ 1 HEaCMMNTOTUYECKN — OTHOCUTESIbHO NMEPEMEHHOIA U.

MepBoe 13 ycnosuii (4.4) — ycnosume bg = 0 Bcerfa BbINOMHAETCSH; AeACTBUTENBHO:

bo = E1Ny — 37 = (Ipx + mph?) (Iex + mr2) + Ixmch? > 0.

OcTaBLUMECA NATb YC/IOBUIA UMEIOT JOBO/ILHO FPOMO3AKMIA BUA. B camom 06LLeM B1Ae OHM yKa3a-
Hbl B [2]. HW)Ke Mbl NPpUBOAMM UX AN CNyYasi, KOraa CKenToopa cuMmmeTpuueH (Af = Ay = A):

w(a—zd)uotgx> 0, I (a—2d) (T h)k, — meg) ug tgA > 0,
2hu3
—— (MM B (My + my) L) tg A + 2komh [

+ (lbx + (mp + my) hz) (k2 = megDH (lrx + mr@ (ky + k2 = (mp + m¢) gh) >0,

2u3
=2 ((my + my) (k — meg[yh + m, [Kp) tg A+ (4.5)
+ (kl + ky — (mb + mr) gh) (k2 —meg m— k% >0,

[(1rx + My ) ky + (kg — mygm,h qj[fuotg A+
+ (ke = Mygh) 1xh (3 (1ch = I (3 mph? (T3 h) ko — meg )] > 0.

Mpun CTPOrom HapyLLEHUW MO MeHbLLEA Mepe O4HOI0 U3 HepaBeHCTB (4.5) ypaBHeHue (4.3) nmeet
KOPEHb C MOJIOXKMTE/bHOM BELLLECTBEHHOI YaCTbio M HEBO3MYLLEHHOE ABMXKEHME (4.1) HeyCTONUMBO.

3ameTnm, YTO CTPYKTypa MepBbIX ABYX HEPaBEHCTB B cucTeMe (4.5) NO3BONSET CAenaTb BbIBOL,
4TO YCTOMUMBOCTb [BUXEHUS CKeliTbopaa 6y/AeT 3aBuCeTb OT Hanpas/ieHUsa ABUKEHUS. PaHee nofo6-
HblIli BbIBOA A4/19 faHHOI Mogenu 6bin caenaH B pabotax [3, 4, 2, 5], a 4ns 6onee NpocToi MOAENN CKENT-
6opga—B[1, 3, 4].

Kpome TOro, Kak cnegyet u3 nepsbIx ABYX HepaBeHCTB (4.5), ecnu

(+h)ke —meghI<O,
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TO [IBM)KEHUE CKenToopaa OyaeT HeyCToWumMBbIM. TO eCTb ABVYKEHME OYAET HEYCTOMYMBBIM, EC/TN KO-
(OMUMEHT yNpyrocTu K, TOPCMOHHON NPY>KMHBI HE NPEBOCXOANT HEKOTOPOro KPUTUYECKOTO 3HAYEHUS.
C (hM3MYeCKOii TOUYKM 3PEHNS 3TO 03HAYAET, YTO HEeYCTONUYMBOCTL ByfeT MMETb MECTO B TOM C/yyae,
ec/in pavifiep HeTBepLO CTOMT Ha CKelTbopse.

3HayeHne ug = 0 B peLueHun (4.1) cOOTBETCTBYET MOMOXKEHWIO PABHOBECUS, KOrAa CKeMTOopA
HEMOABWKHO CTOUT Ha NA0CKOCTU. MOXKHO NokasaTb [2], 4TO YCNOBUA YCTOWYMBOCTM LAHHOIO MOJ0-
YKEHUSA PaBHOBECUS MMEIOT BUA:

kl + k2 — (mb + mr)gh >0,
(ky + kz — (M + my) gh) (ko — myg - k3 > 0.

B panbHeiiem Mbl 6yeM roBOpUTb, YTO CKENTOOPA ABNAETCS CTaTUYECKN YCTORYMBBIM, €C/IN Bbl-
MONIHAKTCA HepaBeHCTBa (4.6).

3ameTum, YTO B MOC/IeHEM C/liaraeMoM MoC/eAHEro 13 HepaseHCTB (4.5) urypupyeT BbipaxXeHne
I rxh — lpx (3 myh? COnupasich Ha pe3ynsTatsl paboT Yskanepa [11], Knaysepa [12] u XaHasaHa [13],
MO>XHO y6enTbCS, Y4TO peasibHOV (h13NYECKOI CUTYaLyn COOTBETCTBYET C/lyyal, Korja jaHHoe Bbipa-
YKEHNE ABNSIETCA NONOXKNTENbHbIM:

(4.6)

Irxh — 1y (3 myh? 3 0. 4.7

B panbHeiiwem 6yaem cunTaTb HepaBeHCTBO (4.7) BbIMOMHEHHbIM.

Wcnonb3ys pesynbratbl pabothbl [14], nyTem aHaim3a KoahMuLMEeHTOB XapaKTepucTUYecKoro rno-
NHoma (4.3), yKakeMm eLLe B 3TOM NMyHKTe HeOOX0AUMbIe YCMOBUSA A5 CYLLECTBOBaHUS MHBaPUaHTHOM
Mepbl C aHa/IMTUYECKON NNOTHOCTHIO BOIM3M PaBHOMEPHBIX MPAMOJIMHENHBIX ABUXEHWN (4.1) CKenT-
60paa. Kak n3BecTHo [14], anst 3TOro He06X0AMMO, 4T06bI tr A = 0, rae /A — maTpuua IMHEeRHO Yactu
cuctemsl (3.1). Boluncnas tr A us (4.3), nonyyaem

BiN; — 31K
A=D1 = (BiNi = JiKi)uo.
bo EiN; —J2

Taknm 06pa3omM, MHBapUaHTHas mepa MOXET CYLLeCTBOBaTb TOMbKO B C/yyae, Korga BiNp —
—J1K1 = 0. 3T0 yCnoBme BbIMNOHAETCS, B YACTHOCTY, KOTAa CKenT6ops cuMMeTpuyeH (Af = Ar = A),
a paiigep CTOWT TOYHO B LIEHTPe cKeliTeopaa (a = 2d). Ecnu mepa AeiiCTBUTENBbHO CYLLECTBYET B 3TOM
cryyae, TO UHTEPECHO 6bIN10 Obl MOYYNUTL €€ ABHOE BbIPaXXEHNE.

B cnepyrollem nyHKTe U3yyaeTcsi NOBeLEeHNe CUCTEMbI BOM3Y NOMOXEHNA paBHOBecUs Uy = O,

y=06¢=0.

5. AHann3s ABMXKEHUS CUCTEMBI BO/IM3M MNOJTOXKEHUSA paBHOBECUA

MycTb B CTAUMOHAPHOM [BMXeHUM (4.1) ckopocTb Ug = 0, T.e. CKeMT60p CTOMT Ha MI0CKOCTH
HEeMNoABMXXHO. Heo6X04MMbIM 1 JOCTATOYHbIM YC/IOBUEM YCTONUYMBOCTI 3TOTO MOJIOXKEHWUSA paBHOBECUSA
Oy/eT, cCornacHo pesynsraram, Nosly4eHHbIM BblLLe, BbINO/HEHWE HepaBeHCTB (4.6). MyCcTb 3Tn ycnosums
BbIMO/IHeHbI. Kpome Toro, 6yaem npegnonaratb, YTo

tgAs CIgA, n a>2d.

Mpw BINOMHEHUW 3TWX YC/TOBUIA CTaLMOHAPHOE [ABWKeHUe (4.1) ByaeT yCTOMUMBbIM, eCnnt Ug = 0,
N HeycTolYmMBbIM, ecnm Ug < 0. PaccmMoTpuM ABW>KEHWME CUCTEMbI BOAM3MN NOMNOXKEHNS PaBHOBECUS.
[ns aToro paspewmm cHavana ypaBHeHusi (3.1) OTHOCUTENbHO U, ¥ 1 ¢ 1 pa3noXKum npasble 4acTu
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MOMYYeHHbIX YPaBHEHWIA B psif MO U, Y U ¢ 40 KBagpaTUUHbIX Y1IEHOB BK/OUNTENLHO. B pesynbTate
MONYYNM CNEAYIOLLYI0 CUCTEMY YPaBHEHWIA:

U= c11y? + c1oy 9,
Y = Ca1y + C20 + Co3uy, (5.1)
¢ = ca1y + C32¢ + cazuy.

3/1ecb 0603HauYeHO

_ (B1N1 — 1K) My1 — (B1Jd1 — K{Eq) My2 -0
A1 (E1Ny —J37)

_ (B1N1 = 1K) Miz — (B1J1 — K1Eq) My
Ci2 = > <0,
A1 (EiN; —J37)

_ J1lMp = N1Myy _ J1l22 — Nally

_3iKi BNy _

Cor = <0,c >0,c 0,

2T TEIN, - 02 27 TEIN, - 2 2T TEIN -2

Ca = J1Myy — Ex1lypo >0, cap = J1M — E1ly» <0, Cas = B1J: — KiEg <o
EiNy — J2 EiN; — J2 EiN; — J2

Cpenaem B cucteme (5.1) 3aMeHy nepeMeHHbIX Y, ¢, U — Y1, Y2, Y3, NPUBOASALLYH JIMHEAPU30BaH-
Hble BTOPOE W TPETLE €€ ypaBHEHMUS K BUAY, COOTBETCTBYIOLLEMY HOPMa/IbHbIM KOIe6aHNAM.
JlnHeapn3oBaHHble BTOPOE M TpeTbe ypaBHeHMs cuctembl (5.1) MOXKHO 3anucaTtb CrefytoLmm 06-
pasom:
Y —Ca1y — €2 =0,
¢ —ca1y —Cz29 = 0.

Cob6cTBeHHbIe YacToTbl cnucTeMbl (5.2) onpeaenstoTcs U3 ypaBHeHUs

(5.2)

Q* + (C1 + C32) Q% + (C21C32 — C22C31) = 0.

3 3TOr0 ypaBHeHNst MOXKHO HaiiTy jBa BbipaxkeHust Q2 1 Q3 (Q% > Qg) [N COGCTBEHHbIX YacToT
cuctemsl (5.2):

2
—(Co1 +C32) = \/(021 — C32)” + 4C22C31
5 .
COOTBETCTBYHOLLME fJaHHbIM COBCTBEHHBIM YaCTOTaM COBCTBEHHbIE BEKTOPbI UMEIOT BU;

Uy = —C22M1 Up = —C22H2
(coa+ Q%) /)’ (o1 + Q3) M2
MOCTOSHHbIE |1 W Ly BbIGEPEM M3 YCIOBKA, YTO COOTBETCTBYHOLLME COBCTBEHHBIE BEKTOPbI 0K~
Hbl BbITb eAMHUYHBIMU. Toraa

2 —
Q1,2 -

W = 1 Ci=12

V(@2 + )+,

OKoHyYaTe/IbHO MOXXHO cfieniaTh BbIBOA, YTO npmeeaeHne K HopMmasibHbIM KOopAnHaTaMm OCyLLECTB-
NiAeTca npy nomMoLn 3aMeHbl NEPEMEHHbIX
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Y = —Ca2M1Y1 — C2H2Y2,
¢ = (QF +c21) Hays + (QF + c21) Koo (5.3)
u=yYys.

B nepeMeHHbIX Y1, Y2, Y3, onpegensembix cornacHo (5.3), cuctema ypaBHeHuii (5.1) nepenmiieTcs
CreflyoLmm 06pasom;

y1 + Qfy1 + Q1y1ys + Q2y2ys =0,
V2 + Q3Y2 + Qay1ys + Qay2ys =0,
y3 = Qsy; + Qey1yz + Qry3,
(C22Ca3 + C21C23 + C230Q3) 2
(Q% - Q%) H1
(C2aCas + C21Co3 + €23Q%) s _ CpCa3 + C21C23 + C23Q%
(Q3— Q%) o I 02 — Q2
Qs =2 (011022 — C12C21 — 0129%) u% >0,
Qs = C22 (211C22 — 2C12C21 — €12 (QF + Q3) ) HaHa,
Q7 =cC22 (011022 — C12C21 — 01295) u% > 0.
Kak 1 B (5.1), B cucteme (5.4) 0TOPOLLIEHbI U/EHbI BbiLLIE BTOPOrO NOPSsiAKa OTHOCUTE/IbHO BO3MY-

LLEHWiA. Ons uccnefoBaHms HenuHeinHow cuctemsl (5.4) nprBeaeM ee K HopMasbHol opme [15, 16, 17].
CHavana caenaem 3ameHy nepemeHHbIX

2
C22C33 + Cp1C23 + C23Q5
Q1 = >0, Q=
2 _ 2
Q1 —QF

(5.4)
>0,

_21—173 _Zp—24 . _ 71+17Z3 L _Zp+ 2y _
YI= =% Y2 = T V1= T Q1, y2 = 5 Qy, y3 = Zs.
B nepemeHHbIX zy, K = 1,2,...,5, NMHeiHas yacTb cuctembl (5.4) NMeET anaroHasnbHy0 gop-

My 1 No/yYeHne HopMasibHO (POPMbI CBOAUTCS K BblJENIEHIO PE30HAHCHBIX Y/IEHOB B MPaBbIX YacTAX
npeo6pa3oBaHHol cucTembl (5.4). YunTbiBas 370, MoSlyyaem CredytoLLyto HopManbHy Gopmy cucTe-
Mbl (5.4), 3aM1CaHHY0 B KOMM/EKCHBIX NePEMEHHbIX:

23 =112 — %2125, 2, =1Q02, — %2225, 723 = —i173 — %2325,
(5.5)
74 = —iQz4 — %2425, 5 = %2123 + %2224-

BB0as Tenepb BeLLECTBEHHbIE MOMSPHbIE KOOPAMHATbLI COFIacHO hopMy/iam
z1 =p1(cosoy +isinoy), zp =p2(cosor +isingy),

z3 =p1(cosoy —isinoy), 2z =pz(cosop —isingz), Yys=ps,
3anuwem cuctemy (5.5) B MepeMeHHbIX p1, P2, P3, 01, O2. B pesynsrarte nosyyum HOpMasM30BaHHYHO
CUCTEMY YPaBHEHNIA BO3MYLLIEHHOTO ABVXKEHWS, KOTOPas pacnafaeTcs Ha [1Be He3aBUCUMbIE NOACKUCTe-
Mbl:

p1 = —%plps, P2 = —%9293, P3 = %pf + %p% (5.6)

C’l = Ql, ()'2 = Qz. (57)

B (5.6) 0T6pOLLEHbI Y/eHbI BbiLLie BTOPOTO, @ B (5.7) — BbiLLIE NepBOro nopsiaka 0THOCUTENBHO P,
k=1,23.
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B €-0KpeCcTHOCTV MOI0XXEHUS1 paBHOBECUSI MPaBble YacTh ypaBHeHuld (5.6) 1 (5.7) oTamuyarotes ot
OTBEYAOLLMX UM NPaBbIX YaCTel TOUHbIX YPaBHEHWIA BO3MYLLEHHOIO [BVXEHUA Ha BE/IMUYMHBI MOPSA-
Ka €3 1 €2 COOTBETCTBEHHO. PeLLeHNs TOUYHbIX YpaBHEHWUI annpoOKCUMUPYIOTCS PELLEHUSIMIA CUCTEMbI
(5.6)—(5.7) C NOrpeLLHOCTbI0 MopsiAKa €2 ANs px W NOPSAKA € 41S1 G Ha MHTEpBaie BpeMeHU Nopsia-
Ka 1/€. OrpaHnunBasch 310 TOYHOCTbLIO, ByjeM BMECTO MOJIHbIX YPaBHEHWI BO3MYLLEHHOIO ABMXXEHNSA
paccmatpuBaTtb NpubMKeHHyto cuctemy (5.6)—(5.7).

YpasHeHus (5.7) cpa3y uHTerpupytotca. NMonyyaem

gj () =Qjt+0;(0), j=1,2

Cuctema (5.6) onucbiBaeT 3BOMOLMIO aMNANTYAbl P1 KONE6aHWA JOCKKM, aMMnTy bl P2 Koneba-
HWIA paiigepa 1 CKOPOCTU P3 MPSIMOMMHEHOIO ABMXKEHUST CKeinToopaa. J1erko nokasaTb, YTO [JaHHas
cucTema MMeeT iBa NePBbIX MHTerpana

Py *1p2 = Ny, (ael = 0>, (5.8)
Q1
®2p] + @305 + p3 = N3, (ae =2y, ae3=&>o>, (5.9)
Q1 Q4

rae Ni, Ny — NOCTOSAHHbIE, ONpeensiemMble Ha4aIbHbIMU YCI0BUSMU.

TpaekTopuu cuctembl (5.6) NpeacTasieHbl Ha puc. 4 B NPOCTPAHCTBE P1, P2, P3. OHM pacnonoxe-
Hbl B 06nactn p; [ QJlp, [COM npeactaBnstoT co60i KpUBble, ABASIOLWMECS MEPECEUYEHNEM MOBEPX-
HocTu annuncounga (5.9) n umnmHgpuyeckoi noeepxHocTyn (5.8). HanpasneHve aBUXKEHWSA NO Tpaek-
TOPUAM NOKAa3aHO CTpesiKamu.

OcTaHoBMMCS Ha CBOMCTBaX peLuLeHunid cuctembl (5.6) 1 X CBA3M C XapaKTepoM [BVXKEHUS CKENT-
6opaa. Toukamm P1 = (0, 0, ny) n P, = (0, 0, —N1) Ha pUCYHKe OTMEeYeHbI MOIOXKEHNSA PaBHOBECUS
cuctembl (5.6). im oTBeyatoT paBHOMEPHbIE NPAMONNHENHbIE ABVXKEHUS CKeTOOPAA B YCTONYBOM U
HeyCTOWYMBOM HanpasneHnsx. JInHeapusysi ypasHeHusi (5.6) B OKPECTHOCTW yKa3aHHbIX MOJIOXKEHWIA
paBHOBECHSA, NONYYUM

p1 = —%nlpl, P2 = —%nlpz, p3 =0,
T.e.ecnm ng > 0, To nosioXkeHue pasHoeecus (0, 0, Np) 6ygeT yCTOWYMBLIM, @ NOSIOXKEHWE PABHOBECUS
(0, 0, —ny) ByaeT COOTBETCTBEHHO HeyCTOWUMBLIM. ECcnv Ny < 0, TO, Ha060poT, nonoxkeHue (0, 0, ny)
OyZeT HeycToiumBbIM, a nosoxkeHne (0, 0, —N1) — YCTONYMBBIM.
CucTema ypaBHeHwii (5.6) MMeeT criefytoLLme ABa YaCTHbIX PELUEHNS, B KOTOPbIX P1 WK P2 TOXK-
[leCTBEHHO PaBHbI HY/IIO:

Qsny
exp | — t
Qs > ( 2 ) 1 —nzexp (—Qanyt)
=0, =2,/== , = ; 5.10
L P2 QT+, exp (—Q4nat) P =M, exp (—Qanyt) (5.10)
Qiny
N o
02=0, pr=2,/Ln2n ps = nyr P ZQIM gy

Qs 1 *1+ngexp(—Qinst)’ "1+ ngexp (—Qinit)’

3[ecb N3 ¥ Ny — HeoTpuuaTe/ibHble MPOU3BO/IbHbLIE NMOCTOSIHHbIE, ONpPejensieMble U3 Havaslb-
HbIX ycnoBuii. PeweHne (5.10) oTBeyaeT TakUM [ABMXKEHUSAM CKelTOOpAa, Korja B npotecce npsMo-
NMHEHOro ABVXKEHWS JOCKa OCTaeTCs HEMOABVXKHOM, a pailgep packadnBaeTcs ¢ amnanTyaoi p, (t)
(T.e. cucTeMa COBEPLUAET HU3KOYACTOTHbIE KOMebaHWs). 3aBUCMMOCTM (DYHKUWIA po U p3 OT Bpeme-
HW JatoT MOJSIHOE NPeLCTaB/IeHNEe O XapaKTepe ABMKEHUS CKEMTOopLa B 3TOM YaCTHOM criyyae. byaem
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P,

0,51

2

Puc. 4

CuUNTaThb, YTO Mbl HAXOAMMCS B OKPECTHOCTY YCTONUYMBOro paBHoBecus (N > 0) U B HAYa/IbHbI MOMEHT
BpemeHu p3 (0) [CQJ1.e. ng [T cnyyait ny > 0, ng > 1 aHanoruyex cnayyao n; < 0, n3 < 1, KO-
TOPbIA ByfeT PACCMOTPEH HUXKE). DTU YCNOBUA COOTBETCTBYIOT TOMY, YTO B HaY&U/1bHbI/i MOMEHT CKelT-
6opg, noyunn Masyto CKOpoCTb

1—n3
! 1+n;3

p3(0) =n

B YCTOI4MBOM Hanpas/ieHnn. Torga c TedeHMemM BPpeMeHU aMnanTyaa KonebaHuii paiifepa pa MOHOTOH-
HO YObIBAET OT ee Haya/lbHOro 3HaYeHMs

2N, %n

pZ(O):1+n3 Q7 3

A0 Hyns (puc. 5), a CKOPOCTb ABVMXKEHMSI CKeNTO0paa p3 BO3pacTaeT no Moaynto. B npeaene ckeintbops
JBVKETCS B YCTOMYMBOM Hamnpas/ieHUn € MOCTOSIHHOW CKOPOCTLIO Ny (puc. 6).

0,06
0,051
0,058
0,041
0,056
0,03
0,054
0,02
0,052
0,011 -
0 100 200 300 400 500 0 ""7100 200 300 400 500
t t

Puc. 5. 3aBucMMOCTb amnnTyabl Kose-
6aHwii paligepa p2 OT BPEMEHM 415 YacT-
Horo peweHus (5.10) B cnyyae ny > 0,
nz 11
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0,08

] 0,06
0,061 0,04
07045 0,02

] 0 , , , , ,
0,021 10 200 300 400 500

—-0,02 t

0 100 200 300 400 500
t —0,04

Pwuc. 7. 3aB1cmMmMoCTb amMnanTyAbl Kone- Puc. 8. 3aBncuMMocTb CKOPOCTY CKeMTO0p-
6aHuin paiifepa p, OT BPEMEHM A/1s YacT- [a P3 OT BPEMEHM A/1St YACTHOTO PeLLeHus
Horo peweHus (5.10) B cnyyae np < 0, (5.10) Bcnyyae n; < 0, ng 11
nz 11

MycTb Tenepb Mbl HAXOAWMCS B OKPECTHOCTU HEYCTONUMBOro paBHoBecus Ny < 0. MNpeanonoxmm
CHOBA, YTO B HA4asTbHbIA MOMEHT BpeMeHn Nz < 1, T.e. p3 (0) < 0 (cnyyait n; < 0, ng > 1 aHanornyex
pa3obpaHHOMY BbiLe ciyyaro Ny > 0, Nz < 1). 3TW yCNOBUS COOTBETCTBYIOT TOMY, YTO B HaYasIbHbIi
MOMEHT CKENTO0PA NOMYYU Masyto CKOPOCTb

1—n3
1+n;3

p3(0) =ny

B HEYCTOMNYMBOM HanpasfeHnn. B 3Tom cnyyae npefesibHoe ABUXKEHWE CUCTEMbI BYAET TakUM XKe, Kak
n npu p3 (0) [0,JHO 3BONOLUMSA ABUXKEHWNS CYLLLECTBEHHO MHas. MNpu

In (n3)
Qs
aMmnnTyaa KonebaHwin paiigepa po MOHOTOHHO BO3pacTaeT, a CKEMTOOP ABMXKETCS B HEYCTOWYMBOM

Hanpas/feHnn CO BCE YMEHbLUAOLLENCSH CKOPOCTLI0. B MOMEHT t = t—KOpOCTb CKeliTbopaa obpallia-
eTCsl B Hy/lb, @ aMN/INTyaa KonebaHuin p, AOCTAraeT CBOEro MaKCMMa/IbHOTO 3HAYEHNS

O<t<tr+

2 (th= | 22n2.
Q7

Mpu t > tgKelATOOPA ABMXKETCS Y)KE B YCTOWYMBOM HanpaB/ieHUM ¢ BO3pacTatoLeli CKOPOCTbHO,
a amnanTyga KonebaHuii paingepa MOHOTOHHO YObIBaeT (puc. 7). Takum obpasom, npu p3 (0) < 0 3a
BPEMS 3BOJIIOLMM ABVXKEHWSA OAMH pa3 MPOMCXOANT CMeHa HanpaBieHUst NMPSIMOIMHENHOTO ABUXKEHNSA
CKeliTbopaa ¢ MOCTOSIHHOW CKOPOCTbHO (puc. 8). PaHee aHanormuHblii addheKT Gbin nosyyeH ansi 6onee
MPOCTON Mogenn ckeliTbopga [1], M3BECTEH OH TaKXKe U B APYrMX 3afadax Hero/lOHOMHOWM MeXaHUKK
(Hanpvmep, B KacCMUecKoii 3ajave 0 ABVMXKEHNUN KENbTCKOTO KamHs [15, 16], [18]—[25]).

Peluenune (5.11) oTBevaeT TakuM ABUMXKEHUSAM CKelTOOpaa, Korga B npolecce nNpsMosIMHEAHOrO
ABVXXEHNA fOCKa pacKaumnBaeTCcs ¢ aMnanTyaon p; (t), a paiigep octaeTcs HeMOABMXKHbBIM (T. €. cuctema
COBEpLUAET BbICOKOYACTOTHbIE KONlebaHus). AHaIM3 3BOMIOLMN ABUXKEHUS B 3TOM C/lyyae aHasIoryeH
npegplayLiemy ciydaro. Ecnm ckeiiTbop4 ABMXKETCSA B HEYCTOMNUYMBOM HanpaBieHun, TO Npu

In (n4)
t=tmF ——
Q1M
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MPOUCXOAMT CMeHa HarnpaBNeHNs ABMKEHNS. B 3TOT MOMEHT amnnnTyga KonebaHuin JOCKK Py AOCTN-
raeT CBOEro MaKCMMa/lbHOr0 3HaYeHuns

o1 (tich= %ni.

PaccmoTpum Teneps pelueHnst cuctemsl (5.6), 0TanyHble oT petuennii (5.10), (5.11) u oT nonoxe-
HWiA paBHoBecus P1 1 Py. M3 unterpanos (5.8) v (5.9) nmeem:
p2 = n2ptt, p3 ==F(p1),
(5.12)

221

£ (p1) = \/n? — ap? — snp?
MoacTasue p3 13 (5.12) B nepsoe ypaBHeHWe cuctemsl (5.6), nonyuunm

p1 = IZQ—Ziplf (P1) .

OTKYZa, pa3aenss nepeMeHHble, HaXo0AUM

dp: EQ_Z]I
— = dt. )
p1T (p1) ' (5.13)

Ecnvn n3 (5.13) HaiigeHa hyHKUmsA ps (t), To p2 (t) v p3 (t) BblunchatoTes no gopmynam (5.12).

Haiitv siBHY0 aHaIMTUYeCKyto 3aBUCUMOCTb P1 OT BPEMEHU HEBO3MOXKHO. HO KaueCTBEHHbIN Xa-
pakTep ABVXXEHUS MOXXHO MOYUNTb HEMOCPEACTBEHHO U3 cucTeMbl ypaBHeHW (5.6). MycTb, Hanpu-
Mep, B HaYasibHbIA MOMEHT BEMYMHA P3 MOMNOXKMUTENbHA. Toraa mockosbky Q1 = 0un Q4 > 0, 10
npa.ble YacTy MepBbIX ABYX YpaBHeHuiA cuctemsbl (5.6) 6yayT oTpuuaTtesibHbl 1, CefoBaTeNbHO, PyHK-
umn p1 (t) n p2 (t) 6yayT ybbIBaTH C TEUeHMEM BpeMeHU. Tak Kak Qs = 0 1n Q7 > 0, To B NpaBoil YacTtu
TPETLEro YpaBHEHUSI CTOUT HeOTpULAaTE/IbHOE BblpaXKeHne, KOTOPOe YObIBaeT, MOCKO/bKY YObIBalOT P
n p2. B npegene p1 (t) n po (t) cTpemaTtcs K Hynto, a p3 (t) CTPEMUTCH K BEMIMUMHE N1, KaK cresyeT n3
nHuterpana (5.9).

MycTb Tenepb B HayaslbHbI MOMEHT Be/IMUMHA P3 OTpUUaTeNbHa. Torga B npasbIX YacTAX ABYX
MepBbIX ypaBHEHWA cucTembl (5.6) CTOAT MOMOXKMTENbHbIE BbIPAXKEHUS U, CNeAoBaTesibHO, (PYHK-
umm py (t) n p, (t) 6yayT Bo3pacTaTb C TeUeHUeM BpeMeHu. Takke 6yfeT Bo3pacTarb, 0CTaBasiCb OT-
pvLaTensbHo, n yHKUmS p3 (t). B Kakoii-TO MOMEHT OHa 06paTUTCS B Hy/b; B 3TOT MOMEHT (DYHKLMK
p1 (t) v p2 (t) NpUMYT CBOM MaKCUMasibHble 3HaYeHus. ocne 3Toro MoMeHTa BpeMeHn yHKumus p3 (t)
MOMEHSIET 3HaK 1 HAYHET NPUHUMATL MOMOXKUTESNIbHbIE 3HAYEHUS, PYHKLUMK P1 (t) 1 P2 (1) HAYHYT YObI-
BaTb ¥ B Npejene Mbl NPUAEM K CUTYyaLumn, ONCaHHOM BbiLe. TakM 06pa3om, 1 B 06LLEM Clyyae Kaye-
CTBEHHAs KapTuHa BWKeHUS Oy[eT O4eHb NMOX0XKa Ha Ty, YTO Bblia onrcaHa Hamm Npu PacCMOTPEHUN
yacCTHbIX peLueHnin (5.10)—(5.11), ¢ TOW NnLWb pasHULER, YTO B OOLLEM C/lydae Mbl HE MOXKEM yKa3aTb
ABHbIX 3aBUCUMOCTEN (DYHKLWMI P1, P2 U P3 OT BPEMEHM.

Takum 06pa3oM, Mbl UCCEA0BASIN HEKOTOPbIE CBOMCTBA MOAENM CKEMTO0pAa C TPeMs CTeneHs -
MW CBOGOAbI, 0606LLAIOLLENA UCCNef0BaHHYI0 HamMK B NpenpuHTe [1] npocTeliwyo Mogenb CKeiToop-
fa. JaHHyto MOfesib MOXKHO pa3BuBaTh B pa3/IMyHbIX Hanpas/eHWsIX: C O4HON CTOPOHbI, MOXKHO pac-
CMOTpPeTb 60/1ee CNOXHYI0 KOHCTPYKLMIO CKeTOopAa 1 YYeCTb Ha/IMUuMe KOMeC 1 Xxapakrep ux B3au-
MO/IEACTBMS C OMOPHOI NTOCKOCTLI. C ApYroit CTOPOHbI, MOXHO NOCTPOUTL 6osiee CNOXHY (1 6onee
COOTBETCTBYIOLLYH PeasibHOCTW) KOHCTPYKLMIO NOABECKMN U BbISICHUTb, KaKne [A0MO/IHUTE/IbHbIE AnHA-
MUYecKre 3(h(heKTbl BOSHUKAIOT MPW TaKoi KOHCTPYKLUMU. MOXKHO NOCTPOUTL TakxKe 601ee CMOXKHYHO
KOHCTPYKLMIO paiigepa, BBECTU B CUCTEMY YMpaB/ieHVe U U3yyaTb CUCTEMY C yrpas/ieHneM. Bce aTu
3afa4n SABNSOTCH BECbMa MHTEPECHBLIMU, U Mbl HENPEMEHHO 06paTUMCA K HUM B ByayLLEeM.

PaboTa BbinonHeHa npu rMHaHCOBOW Nofaep>kke Poccuiickoro goHga yHLameHTasbHbIX UC-
cnegoBaHuii (rpaHT 08-01-00363).
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